TRACE THEOREMS IN HARMONIC FUNCTION SPACES ON 
(M| +1 ) m , MULTIPLIERS THEOREMS AND RELATED PROBLEMS 

MILOS ARSENOVICf AND ROMI F. SHAMOYAN 

Abstract. We introduce and study properties of certain new harmonic func- 
tion spaces in products of upper half spaces. Norm estimates for the so called 
expanded Bergman projection are obtained. Sharp theorems on multipliers 
acting on certain Sobolev type spaces of harmonic functions on the unit ball 
are obtained. 



1. Introduction, preliminaries and auxiliary results 

The main goal of this paper is to introduce and study properties of certain new 
harmonic function spaces on the poly upper half space (M" +1 ) m and to solve trace 
problems for such spaces. Solutions of trace problems in various functional spaces in 
complex function theory are based on estimates of Bergman type integral operators 
in various domains in C™, see for example [8], [9], [17], [E], and references therein. 
In harmonic function spaces we used the same idea in [3]. The second section of 
this paper provides some new estimates for such integral operators in the upper half 
space. Generally speaking, trace operator is acting on functions f(zi, z m ) defined 
on a product fl m of domains in K fe , that is Zj G ft C M fc , 1 < j < m. However, 
when such a function / is a product of m functions f± , . . . , f m we start to deal 
with multi functional spaces. In the third section we provide a sharp embedding 
theorem for such spaces. 

In the last section we give characterizations of the spaces of multipliers acting 
from Sobolev type mixed norm spaces of harmonic functions on the unit ball into 
various spaces of harmonic functions on the unit ball. 

We set H = {(a;,*) : x G R n ,t > 0} c R n+1 . For z = (x,t) G H we set 
z = (x,—t). We denote the points in H usually by z = (x,t) or w — (y,s). The 
Lebegue measure is denoted by dm{z) — dz = dxdt or dm(w) = dw = dyds. We 
also use measures dm\(z) = t x dxdt, A £ 1. 

We use common convention regarding constants: letter C denotes a constant 
which can change its value from one occurrence to the next one. Given two positive 
quantities A and B, we write A x B if there are two constants c, C > such that 
cA < B < CA. 
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The space of all harmonic functions in a domain is denoted by h(Q). Weighted 
harmonic Bergman spaces on H are defined, for < p < oo and A > — 1, as usual: 

A\ = Al(M) = { / e h(M) : [[/[U = ( [ \f(z)\ p dm x (z)) " < oo 1 . 



For a = (ax, . . . , a m ) G R m we have a product measure dms on H m defined 
by dms(zi, . . . , z m ) = dm ai (zi) . . . dm am (z m ) and we set L p ~ = L p (IHI m , dms), 
< p < oo, and A p s = L^n/i(H m ). We denote by A^ the subspace of A p ~ consisting 
of functions which are harmonic in each of the variables z\, . . . , z m separately. 

We denote by B the open unit ball in R n and by § = SB the unit sphere in M n . 
We denote polar coordinates in B by x — rx' , or y = py' , where x',y' G S and 
r = \x\, p = \y\. Accordingly the surface measure on § is denoted by dx' or dy' . 

Using multi index notation we set, for a function / G C (CI) and N G N: 



V [T[=JV 

For 0<p<oc, 0<r<l and / G C(B) we set 

M p (f,r)= n\f(rx')\ p dx'\ \ 

with the usual modification to cover the case p — oo. For 0<p<oo,0<<7<oo, 
a > and / G C(B) we consider mixed (quasi)-norms ||/||p, g , Q defined by 

(1) ll/H M ,« = ^ M v (f,ry(l-T 2 r- l r n - l dr\ '\ 

again with the usual modification to cover the case q — oo, and the corresponding 
spaces of harmonic functions 

B£-«(B) = = {/ G M») : ll/IU* < oo}. 

For details on these spaces we refer to [8], Chapter 7. Also, for N G N we have 
(quasi) norms 

11/11^.. = 1/(0)1 + ||V JV /|| MlQ) feC N (M), 
and the corresponding spaces of harmonic functions: 

W = {/ G HE) : \\f\\ DNB ™ < co}. 
We note that A v a — B", , therefore we have also spaces D^A^. All of the above 

V 

spaces are complete metric spaces, D^B v ; q is a Banach space for min(p, q) > 1 and 
DnA^ is a Banach space for p > 1. 

We also consider harmonic Triebel-Lizorkin spaces on the unit ball in K™, these 
were introduced in [3] where embedding and multiplier results on these spaces can 
be found. 

Definition 1. Let < p, q < oo and a > 0. The harmonic Triebel-Lizorkin space 
F p ' q (M) = F p ' q consists of all functions f G h(M) such that 

q/p \ V« 

(2) 11/11^=1 /(/ Virx'^il-rY^dr) dx' ) < oo. 



\f\\rt« = ^ Qf* \f(rx')\ p (l - r) ap - l dr^j dx' 
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These spaces are complete metric spaces, for min(p, q) > 1 they are Banach 
spaces. 

Harmonic function spaces in the upper half spaces were studied recently in [TU] , 

m, nu, M- 

Definition 2. For a function f : H m -jCioc define Trf : H -)■ C by Tif(z) = 
f(z,...,z). 

Let X C h(W m ). The trace of X is Trace X = {Tt f : f e X}. 
We denote the Poisson kernel for H by P(x, t), i.e. 

P(x,t)=Cn -rr, l£R", t>0. 

For fc e No a Bergman kernel Qk{z, w), where z = (x,i) £ H and w — (y, s) G H, is 
defined by 

Q k (z,w) = i dt k+i p ( x - f>* + 

We need the following result from [8] which justifies terminology. 

Theorem 1. Let < p < oo and a > -1. 7/0 < p < 1 and k > a+ ^ +1 - (n + 1) 
or 1 < p < oo and fc > S±l — 1 } i/jeyj 



(3) /(z) = f{w)Q k (z,w)s k dyds, feA?, zei. 

The following elementary estimate of this kernel is contained in [8]: 

(4) \Q k (z,w)\<C\z~w\- { - k+n+1 \ z = (x,t), w = (y,s)eM. 

Most of the results in the next two sections rely on the following three lemmas. 

Lemma 1 (|20j). There exists a collection {Ak}kLi of closed cubes in H with sides 
parallel to coordinate axes such that 

1°. U^Afc = H and diamA fc x dist(A fe , <9H). 

2° . The interiors of the cubes A& are pairwise disjoint. 

3°. If A£ is a cube with the same center as A&, but enlarged 5/4 times, then 
the collection {A^jJ?^ forms a finitely overlapping covering of , i.e. there is 
a constant C — C n such that ^ fc %a* < C. 

Lemma 2 ([7]). Let Afc and A£ be the cubes from the previous lemma and let 
(xk,tk) be the center of A&. Assume f is subharmonic in H. Then, for < p < oo 
and a > 0, we have 

(5) £p-W|/|p< J£L / r^i/OMF^di, fc>i. 

Lemma 3 (|20|h Lei Afc and A£ are as in the previous lemma, let Ck = (£,k,Vk) 
be the center of the cube Afc. JTien we have: 

(6) m A (A fe )x^+ 1+A xm A (A£), A e R, 

(7) |W-z|x|C,-z|, weA^, zeH, 

(8) fatJeAJ. 
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Lemma 4 ( [TT] ) . If a > —I and n + a < 27 — 1 , then 

<9) L W~W^ s Cs"*'* 1 - 2 ^, ,H,..).i 

For w = (y, s) S H we set Qu, to be the cube, with sides parallel to the coordinate 
axis, centered at w with side length equal to s. 

2. Expanded Bergman projections and related operators 

In this section we provide new estimates for certain new integral operators closely 
connected with trace problem. 

For any two ro-tuples (m > 1) of reals a — (ai, . . . , a m ) and b = (b\, . . . , b m ) we 
define an integral operator 



(10) {S^f)(z 1 ,...,Zm) = f[t a / I ^ 

• =1 ll J = i 



This operator can be called an expanded Bergman projection in the upper half 
space, it is well defined for Z\, . . . , z m E H and f(w) e ^(H, s - ™ -1- ^^ 1 bj ). A 
unit ball analogue of this operator was used in [17] , see also [22] . We can write this 
operator in the following form: 

m 

(%/)(*!, . • • ,Zm) = (N srb f)(zi, . ■ ■ ,Z m ) JJ ^ , 

3=1 

where 



We also consider related integral operators S% ^, where a > 0, b > — 1 defined by 

(U) S ^= ta l Ak ]^=^TS ' *=(*,i)eH, fc>l, 

and we set 

(12) 5 a , b /(z) = 5 Q fc J(z), z g A fc . 

Analogous operators acting on analytic functions in the unit ball in C™ appeared 
in [13]. 

We need the following definition, generalizing the concept of Muckenhoupt weight 
to the upper half space. Analogous weights in the unit ball in C™ were considered 
in [T3] where a result analogous to Theorem [5] was proven. 

Definition 3. Let 1 < p < 00 and let 1/p + 1/q = 1. A positive locally integrable 
function V on H belongs to the MH(p) class if 

(13) BupC 1 /" v(z)dz)(-±-[ V(z)-^dz) Pq < 00. 

w£H \ \tyw\ JQ W J \\ { 4w\jQ m J 

We remark here that an equivalent definition arises if in the above supremum 
we replace the family of cubes Q w , w 6 H with the family A&, k > 1. This easily 
follows from the fact that there is a constant N = N n such that each cube Q w can 
be covered by at most N n cubes from the family Afc, and the selected cubes have 
sizes comparable to the size of Q w . 

Note that V(z) — t a is in MH(p) for all 1 < p < 00 and all real a. 
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Theorem 2. Let < a < oo, 1 < p < oo and V 6 MH(p). Then for every 
f e £f oc (H) we have 

( 14 ) E(/ A \S k a J(z)\ p V(z)dm(z)) < C Y,[J A \f(z)\ P V(z)dm(z) 

Proof. Let q be the exponent conjugate to p. Let us fix k > 1. We have, using 
Lemma |3] and Holder's inequality: 



<C77^ p( ™ +1) y V{z)dz(^J \f(w)\V(w) 1/p V(w)- 1/p dv?j 
<Cr/- p{n+1) [ V(z)dz( [ V(w)- q/p dwY /q [ \f{w)\ p V{w)dv 

JA k \JA k J JA k 



and this clearly proves the theorem. □ 

The following proposition is analogous to Proposition 1 from [17], the proof we 
present below follows the same pattern as the one provided in [17] for the case of 
the unit ball in C™. 

Proposition 1. Let 1 < p < oo, a,b G K m and si,...,s m > —1 satisfy paj > 
— 1 — Sj and p(mbj — n) > (m — 1)(" + 1) + + 1 /or j = 1, . . . ,m. 5"ei 
A = (m — !)("■ + 1) + Sjli s j- 7^ e71 f/iere is a constant C > suc/i t/icrf 



( 15 ) / ••• / \(S^f)(z 1 ,...,z m )\ p dm Sl (z 1 )---dm Sm (z m ) <C\\f\\ p dmx) 

/or even/ / S L P (H, dm\). 

Proof. Let 1/p + 1/q = 1. Choose 7 > such that 

PI < p(mbj ~ n ) — ( TO — l)( n + 1) — ms j — 1> 7 = 1 , . . . , 77T, . 

Set a — ^(7 — |) and choose /? such that /3 + ma = — n — 1 + X)JLi &jj i- e - 
/? = — n — 1 + ■ — 7 + Since pa., + + 1 > we can choose, for each 

j = 1, . . . , m, Bj such that 

n + 1 n + 1 pa, + s» + 1 

h a < e 7 - < haH . 

mg ma p 



Finally, set dj = Oj + Oj — ej . 
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After these preparations, we choose / £ L P (M, dm\) and obtain, using Holder 
inequality with system of to + 1 exponents p, mq, . . . , mq: 

\N srbf ( Z1 ,..., Zm )\< / £yi dw 



< 



Yl"U\z 3 -w\^ 

\f{w)\sP s<* J 

h n j= i \ z 3 - w r fj[ \ z i - M 3 

\f{w)\ p s pP dw \ 1/P JJ ( f s9ma d 



UT=i \ z j - w \ pd3 

where, at the last step, we used Lemma [4] Therefore we have 



\ S abf {Zl,---,Z m )\ P < C / m =i^d-|M 

Hence, using Fubini's theorem and Lemma [4] we obtain 



\( S 3 b/)( z i' • • • ) z m)\ p dm si (zi) . . . dm 3m {z m ) 
u Ju 



<c f /•••/ n - u. W | Prf3 — dz 1 ... dZm ) dw 

Ju \Jm Ju j=1 \ z j w r 3 i 

=C / J] / ' u ^ \dw = C \f{w)\ p s°dw, 

Jn \ t-\ Jn \ z ] ~ w v 3 / Ji 



\ j=1 

where we have, see Lemma 01 

m 

= p/3 + [sj + p(a 3 +a — ej + (n+ l)/qm) - pdj + n + 1] 

m P(« + 1) / m 
= ^ Sj + m(n + 1) H h p 1/3 + to« + ^(ctj - ej - rfj) 

m p f m \ 

= ^2s 3 + (n + l)(m + -) + p { -n - I + "^2^ + aj - ej - dj) = A 

j=i 9 V j=i / 

and this ends the proof. □ 

Next we consider another class of integral operators, see |18j for similar operators 
acting on analytic functions in poly balls and for an analogue of Proposition[2]below. 

For any two m-tuples a — (ai, . . . , a m ) and b = (b\, . . . , b m ) of reals we set 



r r m t aj 

(r,p)h = s-^^ */.../ 9 (z 1 , . . . , Zm) n ■ > 

Ju Ju . =1 \ z .i - w\ 3 3 



dzi . . .dz m , 
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where w = (y, s) G EI and g G L\. Next, for k € No we define an integral operator 
(R k g)(w) = / •••/ g(z 1 ,...,z m )T\Q k (z :j ,w)dm k (z 1 )...dm k (z m ), w G H. 

In fact, this operator is the trace operator on a suitable space. Indeed we have 

(R k g)(w) = g(w), je4 a = (at, . . . , a m ), 

if p, n and satisfy conditions from Theorem [TJ 

The following proposition is well known in the case of analytic functions in the 
unit ball in C", see 22 , it was extended to analytic functions on poly balls in [18] 
and here we deal with harmonic functions in the poly half space. 

Proposition 2. Let 1 < p < oo and a,b,a G W n . If p > 1 we assume these 
parameters satisfy the following conditions: 

q(a,j - ay) > -1 - ay, l<j<m, 

q(m(bj + aj) — n) > (m — l)(n + 1) + may + 1, 1 < j < m, 

where q is the exponent conjugate to p. If p = 1 we assume m(ay + bj) > n and 
aj < aj for j = 1, . . . , m. Set A = (m — l)(n + 1) + Sjli a j • Then 

(!6) ||-Ra,6ff|U»>(H,dmx) < CllflIU*, 5 G ^5' 

Proof. We follow the same method as in [18], adapted to our situation. Let us 
start with the case p = 1. By Fubini's theorem we have 



\\R S b9\\LHW,dr,i x ) = / \(R S b9)( w )\ s dw 
jm 

(17) </■••/ \g(zi,...,z m )\[[t^ / dZL-.dZr, 

JM JM j=1 JM llj = l\ z J~ w \ 31 

Next we use Holder's inequality with m functions and Lemma 0] to obtain: 

<n 



m 

• r][/'/ " . 

3=1 



This estimate, combined with (fT?) settles the case p = 1. 



s 
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Next we assume 1 < p < oo. Let q be the exponent conjugate to p. Using 
identity 




( R a,b9)( w )f( w ) dm *( w ) 

m 

\ TT 



t 

( Zl ,..., z m ) Y[ ■— -JL__- dZ! . . . dz Tl 

3=1 ' 



— rn i 
3=1 l Z 3 



(-2-1 ) * * • ? ) 

dm Ql (zi) . . . <im Qm (z m ) 



nr=i 



valid for, for example, continuous compactly supported / 6 L q {dm\) and g 6 L^ we 
see that the conjugate operator R*_ - is equal to S s _ s However, the last one is 

bounded from L q (dm\) to L q s by Proposition Q] and therefore R s g : L^ — s- L p (dm\) 
is also bounded. □ 

Using (0| we see that < (i? s g|g|)(w) where Oj = fc and bj = n + 1 for 

j = 1, . . . , m. This observation leads to the following corollary. 

Corollary 1. Let fc e No, 1 < p < oo and a>j > —1 for j = 1, . . . , m. If p = 1 we 

assume Oij < k for 1 < j < m, if 1 < p < oo we assume 

q{k — otj) > — 1 — exj, 1 < j < m, 

q(m(n + 1 + a 3 ) — n) > (m — l)(n + 1) + maj + 1, 1 < j < m. 

<5e£ A = (to — l)(n + 1) + Ylj=i a j- Then the operator Sk maps L p s continuously 
into LP(E.,dm x ) 



3. Trace theorems and embedding theorems for multi functional 
spaces of harmonic functions 

In this section we give an estimate of the A^-norm of trace, Theorem [3] below. 
Theorem 0] is a sharp embedding result obtained using norm estimate of the oper- 
ator S s r, while Theorem [5] is a sharp embedding theorem closely connecting trace 
operator and multi functional spaces. At the end of this section we consider Car- 
leson type conditions adapted to multi functional setting for positive Borel measures 
on poly upper half spaces, see Definition @] and Theorem [51 

Lemma 5 ([4 j). Let < p < oo and s%, . . . , s m > —1. Set A — (m — l)(n + 1) + 
T^j=i s j ■ Then there is a constant C > such that for all f e h(W n ) we have 

(18) f \Trf(z)\ p dm x (z)<C [ ■■■[ \f(z 1 ,...,z m )\ p dm sl (z 1 )...dm Sm (z m ). 
Jw Jw Jw 

A holomorphic version of the following theorem appeared in [T3] . 

Theorem 3. Let a > —1, assume fi G h(M t ) for i = 1, . . . , m. Let < pi, < oo 
satisfy Y^ILi f 1 = 1 and assume /3j = — (n + 1) > —1 for 1 < i < to. 
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The 



(19) / \Trf 1 {w)\^...\Trf m (w)\ p ™s a dw 

Jm 

/ ••• / \f i (w 1> ...,w t )\'*T[sfdw 1 ...dw. 
Jm Jm fJi 

Proof. Let us denote the integral appearing in ffT5|) by I. Using Lemma [T] and 
Lemma [3] we obtain 

oo „ m 



n lib I I 1 

/ = E / l[\M w '---> w )\ p * sadw ^ c Y, r ik +1+a ™p ~[[\Mw,...,w)r 

OO 771 

<Cj2v n k +1+a ]J sup !/((«;,..., 
fc=i i=i weA " 

OO 771 

(20) <C^< +1+a n ^p |/i(™ 1 ,..., Wt )p 



fe=l 

OO OO 



^E ' E SU P IA(»l.-. W ')r SU P \fra{w l ,...,W t )r 

k 1= i k t =i \^ eAfc J ™ 3 eA fcj 
(21) X?7fei * ...^ * . 



The last inequality follows from the fact that for k% = ■ ■ ■ = k m = k expression in 
([I?!]) reduces to (|2T)|) . Next we apply generalized Holder's inequality with exponents 
Qi/Pi, 1 < i < m, to the last multiple sum and obtain 



I<C\ SU P \fi(wi,...,w t )\^(r ]kl ...r lkt ) 

,fc 1 ,..,fc t =i^ eAfc J 



( „ + i +o)gl 

mtpi 



pi/qi 



Pm/qr, 



(22) x E sup l/mK,.-.,Wi)r m (* 1 ..-* t )"*" tf ' 



Since 



(23) 



sup 



\f ( Wl ,...,W t )\^ <C 



we obtain, using finite overlapping property of A£: 
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i] = 2^ sup l/iW'"-i'"f)r(iki-fc) mtPj 

k u ...,k t =l w i eA *i 

oo „ „ t 

<c / ■■•/ /.''-/«r ,...</,/•,!{,/: 

oo „ „ 

fel,...,fc t =l" /u 'l eA I 1 Jw ^ A t t 
<C f ■■■ I \f 1 (w 1 ,...,w t )\^(.s 1 ...s t )^dw 1 ...dw t . 



3 

H JW 



This, in combination with (j2"2"]l . suffices to establish needed estimate. □ 

The theorem below was announced, without proof, in |17) for < p < oo. A 
proof for the case < p < 1 was given in [4], here we settle the remaining case 
1 < p < oo. 

Theorem 4. Let 1 < p < oo, si, . . . , s m > —1 and set A = (m— l)(?i+l)+2j=i s j- 

(24) ^ C Trace C Trace C i p (M™ +1 , dm A ). 

In particular, if f G and i/ Tr / is harmonic, then Tr / 6 . 



Proof. The second inclusion in (I24[) is trivial while the third one follows from 
Lemma [3 Let us prove the first inclusion, we fix g G A p x . Let us choose k G No 
such that pin + k + 1) > (m — 1) (n + 1) + msj + pn + 1 for 1 < j < m and set 

f(zi, . . . , z m ) = Qk{^— w)g(w)s k dw, z 1 ,...,z m eU. 

Jm m 

We have, by Theorem[TJ Tr / = <?. Since the kernel Qk(m~ 1 (zi + • • • + z m ),w) 
is harmonic in each of the variables z% , . . . , z m it follows that the same is true for 
f(zi, . . . , z m ). Using estimate (H|) and classical inequality between arithmetic and 
geometric mean we obtain 

< 25 > !/<*■ ■ - *->' i 'i H " * c l „, l3Mls -i^ - 

Hence |/(^i, . . . , z m )| < C(S S g . . . , z m ) where cij = and bj = (n+k+l)/m 

for j = 1, . . . , in. Now an application of Proposition [T] completes the proof. □ 

Lemma 6. Let < q, a < oo and a > — 1. TTien we tewe 

l/(*)r<&»„(*)) ' - C J B (J Q \f(z)\ a dm a (z)j " dw, fe h(U). 

This is a special case of Lemma 6 from |16j , in fact harmonicity of / is not needed 
here. 

Lemma 7. Let < qi < p < oo and let Xi t k > for 1 < i < m and k > 1. Then: 
/ oo \ Vp m 

XX A ^IK^+<2 + ---) 1/? *- 
Vfe=i / »=i 
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Proof. Since the l q norm of a sequence is a decreasing function of q we can assume 
qt = p for all i — 1, . . . , m. But in this special case our inequality is equivalent to 



E X l,k X 2,k ■ ■ ■ X m,k — H Kl X i,2 + ' ' ' ) 
k=l i=l 

and this is clearly true. □ 

Theorem 5. Let < p < oo and let, for i = 1, . . . , m, < qi,o~i, < oo, cm > — 1. 
Assume qi < p for i — 1, . . . , m. Let \x he a positive Borel measure on H. Then the 
following two conditions are equivalent: 

1°. For any harmonic function f(z\, . . . , z m ) on H" 1 that splits into a product of 
harmonic functions fi(zi) G h(M), i.e f(zi, . . ■ , z m ) = Ylj=i fj( z j) we have 
(26) 

i/p m ( r / r \ l / qi 

■ (*)] dw) . 



JjTr f(z)\ p d[i(z)) <cn^(j^ l/i(*)r*dm„ 4 
2°. T/ie measure \x satisfies the following Carles on-type condition: 

(27) p(A k )<Cr,, iy °> q '\ k>l. 

Proof. Set 9 = pYZi + ^) and h = P ( B± W^ + 1 < 1 < 

m. Using a covering argument one easily shows that for any positive measurable 
function u : H — > K we have 

(28) ^ r£+ 1 ( ^ u(z)dm Q (z) J x < +1 (y A , /3 > 0. 
Let us assume ([27]) holds. Then we have, using Lexixnxa [1] and Lemma [2] 

p oo „ oo 

/ \Tr f(z)\Pdfi(z) = V / |Tr/(z)|^/i(z) < E^ Afc ) max |Tr/(z)|" 
fc=i^ fc=i zeAfc 

oo m / v oo m ✓ 

<ce^ n ^ |/i(zr = ^eim ( ^ i/'Wi" 

fe=l 4=1 ^ fc ' fc=l»=l ^ " 

OO 771 / . \ P/' 7 ' 

^EIK 1 hr _1 " Qi / i/ t wr-^.w 

fc=it=i V / 

°° m n + l / f \ P/Crt 

=C^2x p lk x p 2k ...x p mk , x itk =r} k qi lj^\f 2 (z)\^dm ai (z) 



1/** 



k=l 
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Now an application of Lemma [7] followed by (|28|) gives 

v i/p m / oo / 1 " 

m / oo / /* 

<ClI Elf |/ 2 (z)r-dm a ,(z) 
i=l \fe=i VA» 



1/9, 



which, in view of Lemma [SI is sufficient to derive 

We give an outline of proof of the reverse implication. Namely, one uses test 
functions 

m d l 1 

f(z 1 ,...,z m ) = Y[f j (z j ), / J ( z )=/ flfc)I ( z ) = l<j<m, 

where / is sufficiently large, is suitably chosen point near see [3] and the proof 
of Theorem 4 from [TB] for these choices. The right hand side of (J^BJ is estimated 
with help of pointwise estimates of f w j from [4] and Lemma |4j We leave details to 
the interested reader. □ 

Definition 4. Let fi be a positive Borel measure on H m and let r±, . . . ,r m > 0. 

We say fj, is an (7*1, . . . , r m )-Carleson measure if 

/ on \ 11 11 f^xQwi x • • • x Q w ) 

(29) llMlkn,...,^) = sup < 00, Wj = {yj,Sj). 

i»i,,,.,«%,6H s i • • • s m 

The following theorem, which is an analogue of Theorem 2 from [17], see also 
[22j . gives an equivalent description of (ri, . . . , r m )-Carleson measures. 

Theorem 6. Let [i be a positive Borel measure on H m . Assume r±,...,r m > n 
and ri, . . . , T m > 0. Then \i is an (n, . . . , r m )-Carleson measure if and only if 
(30) 

llMll(n,....r m ) = SU P / ■■■ / Til i r . +T . ^(*l>---> z m) < OO, 

where M vlj = {w eH:s< 3sj}. Moreover, \\fJ-\\( ri ....,r m ) x IIHIivi r )' 

Proof. Assume (|30l) holds and choose u>i, . . . ,w m e H. Then we have, using 
Lemma |31 

f f m s Tj 

, ^ ^{Qwi x ■ ■ ■ Q Wm ) 

— In ' 

which implies that is an (n,... , r m )-Carleson measure. Note that in this impli- 
cation we did not use conditions on the parameters. 

Now we assume (J, is an (r±, . . . , r m )-Carleson measure. Let us, moreover, assume 
m = 1. We choose 10 = (y, s) € H, in order to simplify notation we assume y = 0. 
Let L = Z n be the integer lattice in R n . We have a partition of M w into layers 
#M = {z G H : 2~ fe s < < < 3 • 2~ fc s}, e Nq. Moreover, each layer ff fe]S is 
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partitioned into congruent cubes Qk,^ with centers 9k,j = (2 k s£j,2 k s), where 
£j € T. Since 

(31) | 2 _(o,- s )|x v / s 2 + | 2 -fe s ^.|2 ) z&Q kAj 

we obtain 

s T dfi(z) _ /" s T dfi(z) t -^m—^ f dfi(z) 



<wi/£e 



(2- fe s) r 



^o^r(^ 2 + |2- fc ^i| 2 )- 



= IHIrEE 



(2 



iS£fr(l+|2-W*- 



<c||^E 2 " fer / 

fc=0 7 
oo 

= C||Ml|r^2 



-fcr 



oo 



(i + \2- k x\ 2 y+ T 

r n-l dr 

o [1 + (2- fe r) 2 ]4 1 



v /• OO 

fe=0 ^ (1 



(l + i 2 )^ 



= C(||^|| r , r,n,T). 



The general case, with to variables, is treated similarly: instead of ordinary sums 
and integrals one encounters multiple sums and integrals; we leave details to the 
reader. □ 

Remark 1. In the above theorem it is not possible to replace integration over M Wj 
with integration over H, i.e. the global variant of this theorem is not true. In 
fact, a counterexample is obtained by taking m = 1, n = 1, r = 2, t = 1 and 
H = E fc >i 2 2fc ^ fc , where z k = (0, 2 fe ). 

4. Multipliers between spaces of harmonic functions on the unit ball 

The goal of this section is to extend our previous results on multipliers, see [3J, to 
more general harmonic function spaces, involving derivatives. We restrict ourselves 
to the three theorems below, though other results from our previous work can be 
generalized similarly. Let us recall some standard notation and facts on spherical 
harmonics, see [21] for a detailed exposition. 

(k) 

Let Y> ' be the spherical harmonics of order k, j < 1 < dk, on S. The spherical 

harmonics Yj , (k > 0, 1 < j < dk), form an orthonormal basis of L 2 (S,dx'). 
Every / S h(M) has an expansion 

oo 

f( x ) = f(rx') = '£r k b k -Y k (x'), 

k=0 

where b k = (b\,..., bf k ), Y k = (y/* , . . . , Yj k) ) and b k ■ Y k is interpreted in the 
scalar product sense: b k -Y k = Xw=i HXi . We often write, to stress dependence 
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on a function / £ h(M), bk = bk{f) and b J k = b\.{f), in fact we have linear functionals 
bj,, k > 0,1 < j < d k , on the space h(M). 

We denote the Poisson kernel for the unit ball by P(x,y'), it is given by 

(X 

J "■ ' J 

k=0 j=l 



P(x,y') = P y ,(x) = £r fc £lf V)*f V 



i i-N 2 

nu> n \x - y'\ n '' 



x = rx' £ B, y £ S. 



The Bergman kernel for the harmonic Bergman space A^, m > — 1 is the following 
function 

see [3] and references therein for estimates of this kernel. 
Let us recall some definitions from [2]. 

Definition 5. For a double indexed sequence of complex numbers 

c = {4 : * > 0, 1 < j < d k } 

and a harmonic function f(rx') — Ylk=Q rk Sj=i &fc(/)^i i x> ) we define 

oo dk 

(c */)(«') = Y,il rk <K(.f)Y} k \x'), rx' £ B, 

fc=0 3=1 

if the series converges in B. Similarly we define convolution of f,g £ h(M) by 

oo dk 

(f*g)(rx>) = J2J2 rkb l(f)K(9)Y 3 {k) (x'), rx' £ B, 

fc=0 3=1 

if is easily seen that f * g is defined and harmonic in B. 

Definition 6. For t > and a harmonic function f(x) = Y^kLo rk bk{f) • Y k (x') 
on B we define a fractional derivative of order t of f by the following formula: 

Clearly, for / £ h(M) and t > the function A t / is also harmonic in B. 

Definition 7. Let X and Y be subspaces of h(M). We say that a double indexed 
sequence c is a multiplier from X to Y if c * f £ Y for every f £ X . The vector 
space of all multipliers from X to Y is denoted by Mh {X, Y) . 

We associate to such a sequence c a harmonic function 

d k 

(32) g c {x)=g{x)=Y J r k Y,jk Y ?\x'l x = rx' £ B, 

fe>0 3=1 

and express our conditions in terms of fractional derivatives of g c . 

Lemma 8 (pQ). If f : ft ^ R is harmonic in Vl c K" and if N £N, then \V N f\ p 
is subharmonic for p > n " N . 
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In particular, V^/l is subharmonic and hence Mi(V /, r) is increasing for any 

feh(M). 

The following three theorems have derivative free counterparts, see [5]. 

Theorem 7. Let 1 < s < oo, a,0 > 0, N G N, m > a — 1 and < p < 1. 
T/ien c G MniDNB^'P, Hi) if and only if the function g = g c satisfies the following 
condition 

(33) L s (g)= sup sup(l-p) m+1+Ar+ ' 3 - a ( [ \A m+1 {g * P x ,)(py')\ s dx') ' < oo. 

0<p<ly'ES \J§ / 

Proof. In proving sufficiency of the condition (|33p we follow closely arguments 
presented in the proof of Theorem 4 from [2J. Namely, let us assume £ s (g) < oo, 
take / G DnB^' p and set ft, = c*/. Since V N h — c* W N f, Lemma 6 from [2] gives 



f f A m+1 (g * P^)(rRx r )V N f(rRO(l - R 2 ) m R n ~ 1 d£dR 
Jo J§ 



(34) V N h(r 2 x') = 2 
and this allows us to obtain the following estimate: 



dR 

L"(S,dx') 



M s (W N h,r 2 ) < 2 f (1 - R 2 ) m R n ~ l 
Jo 

f A m+1 (g * Ps)(rRx')V N f(rR£)dti 
Js 

<2 / (1 - R 2 ) m R n - 1 M 1 (V N /,ri?) sup || A m+1 ( 5 * P € )(rR^)\\ L .dR 
Jo ?GS 

< CL s (g) [ (1 - i?)" l M 1 (V Ar /,ri?)(l - r R)«-/'-m-i-« " di? 

Jo 

<CL S (<?) / ^(V^/.rflJCl-riJr-^- 1 ^ 
Jo 

< CL s (g) £ Ml (V N f, rR) (i a rj ^ + i rffi- 

Note that M 1 (V N f,rR) is increasing in < i? < 1, therefore we can combine 
Lemma 3 from [2J and the above estimate to obtain, for 1/2 < r < 1: 



/•l /i i 

Mf(V*V 2 )<C^( 5 ) j( <(V jy /,rfl) (1 t _ rfl) ^ +(jV+1)p dfl 



< CZ£ (.o)(l - r)"^-^ f Mf(V N f, R)(l - R) ap - l dR 
Jo 



<CIf s (g)(l-r)- p(3 - Np \\f\\ P D t 



Therefore M s (V N h,r 2 ) < CL s (g)(l-r)-P- N \\f\\ DNB u P , which implies M s (h,r) < 
CL s (g)(l— r)~' 3 . Now we prove necessity of condition (f3"3"|) . Let us set f y = Q m (x,y) 
and F y {x) = V N f y (x) = Q m (x, y), x, y G B. Then using estimate 

V%Q m (x,y)\<C\ P x-y'\- n - N - m , x = rx',y = py', x',y'e§ 
we obtain Mi(F y ,r) < C(l - l^r)-™—^- 1 . Hence ||i^|| s i, P < (7(1 - | y |)"-™-i-w 
which means \\ DnB i.p < C(l — |y|) Q_ ™ l_1_Ar - Setting h y = M c f y one obtains, 
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as in Lemma 8 from [2], the estimate 
A m +i 



<(1-|2/|)^||^|| H| 



Since, by continuity of M c , ||/ij,||_ff= < CII/i/II^b 1 .? the proof is completed by com- 
bining the above estimates. □ 

Since D^A^ — DmB p ^ 1 , taking p = 1 we obtain the following corollary. 

Corollary 2. Let 1 < s < oo, a, (3 > 0, N e N amd m > a — 1. Then c G 
Mjj (DnA^, Hi) if and only if the function g = g c satisfies the following condition 

(35) K s (g)= sup S up(l - p) m+N+ ^ a ( [ \k m+1 {g * P x ,)(py')\ s dx'\ ' < oo. 

0<p<ly'£S \JS / 

Analogously to the proof of Theorem [7j one can modify proofs presented in [2] 
and [3] to obtain the following two theorems. 

Theorem 8. Let 1 < p < q < oo, 1 < s < oo, JVeN and m > a — 1. Then for a 
double indexed sequence c = {cj. : k > 0, 1 < j < dk} the following conditions are 
equivalent: 

1. c G Mh(DnB^ p , Bp q ). 

2. The function g(x) = X)fc>o r>> £j=i ^k^f^ i x ') * s harmonic in B and satisfies 
the following condition 

(36) 

N s (g) = sup sup(l - p f-^+N+i ( f |A m+1 (.g * P x ,)(py')\ s dA < oo. 

0<p<ly'E$ \Js, J 

Theorem 9. Let 0<p<l<g< oo, N 6 N and m > a — 1. Then for a 
double indexed sequence c = {cj, : k > 0, 1 < j < dk} the following conditions are 
equivalent: 

1. c G Mh(DnB^ p , Fp' 1 ). 

2. The function g(x) = J2k>o r& Sj=i ^h^j ( x ') * s harmonic in B and satisfies 
the following condition 

(37) Nib) = sup su P (l - pf-<*+™+N+i f |A m+1 (. g * P a ,)(/V)l<^' < oo- 
0<p<ly'eS Js, 
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